Abstract: A semianalytical approach is used to estimate turbulence-induced vibration. The results are compared with the measured vibrations for three different cases, a 16-inch pipe at the NLCTA, a 10-inch pipe at the SLD and the coolant pipes around the copper structure model of the linear collider. The variation of vibrations with respect to velocity of flow is studied as well. Abstract A semi-analytical approach is used to estimate turbulence-induced vibration. The results are compared with the measured vibrations for three different cases, a 16-inch pipe at the NLCTA, a 10-inch pipe at the SLD and the copper accelerating structure of the Next Linear Collider.
Introduction
Vibrations of the components of the Next Linear Collider need to be minimized to ensure its best performance. Acoustic or mechanical resonances can be eliminated or their effects minimized by design, however, turbulence-induced vibration cannot be avoided entirely. Even though the inner surface of the coolant pipes can be extremely smooth, beyond a certain velocity called transition velocity, the flow will change from laminar to turbulent. The Reynolds (Re) number corresponding to the transition point is anywhere between 2000 and 3000. For example, for round pipe with diameter and flow velocity 
1 m/s. Fluctuating pressure in in the turbulent flow is the driving cause of vibrations. The time history of fluctuating pressure in a turbulent flow shows us that it is a random force. Thus turbulence-induced vibration is also a random process that can only be dealt with probabilistic methods. Instead of calculating detailed time history of responses, the root mean square (rms) values are estimated. It is not easily feasible to determine the turbulence forcing function by numerical techniques. The vibrational analysis is based on a combination of observed and analytical techniques. The forcing function is measured in experimental model tests and using this as input the rms responses are estimated based on probabilistic methods. Finite Element Modeling techniques can be used to estimate the responses.
In recent decades, turbulent flow induced vibrations received considerable attention, primarily because of the need to optimize design of power plants and reactors. Various models and semi-empirical techniques have been developed. In this note, following the analysis methods described and developed by Au-Yang (2001) and other authors, we will go through calculation of the turbulence induced vibrations step-by-step. The general random process formalism is described first. This is because turbulence is a random process. Since measuring the time history of turbulence is tedious, we move over to the frequency domain employing spectral analysis of random signals. The acceptance integral is defined and the assumptions made to simplify this problem are stated. We then show how these methods can be applied for analysis of experimental results relevant for the Next Linear Collider (NLC). The examples studied include measuring vibrations in the NLCTA 16 inch pipe, a 10-inch pipe at the SLD and the coolant pipes around the copper NLC accelerating structure.
Random process
A random process describes an experiment with outcomes being functions of a single continuous variable. (E.g. time)
Let the fluctuating pressure be a random variable p(t). The response function is a random variable y(t) : y2 = y(t2 4 3 i = 1,2,3,. . . n. The mean value of 
Acceptance integral defined and its use
A single degree of freedom spring mass system is easy to solve. However structural components like pipes are of finite spatial extent. An easy way to think about this is to consider the pipe as an infinite number of spring mass systems put together. However to solve this, we need to reduce this infinite degree of freedom systems to a finite discrete series of spring-mass systems. This can be done through what is known as modal decomposition. That is, any vibration can be decomposed into combination of normal modes and these can be summed up. We need to calculate the response of pipes carrying turbulent flow of liquids. The responses can be thought of as mode shape functions multiplied by constants called amplitude functions.
A valid and reasonable approximation to this problem so that the problem can be simplified further is made. The surface density of the structure is assumed to be uniform, in which case, the mode shapes are orthogonal to each other.
The usefulness of this assumption is seen later.
For a simple spring mass system excited by a force, the fourier transform yields the following result Y( In other words the power spectral density of the response is equal to the power spectral density of the forcing function multiplied by the modulus squared of the transfer function. This is a simple equation that gets complicated if the forcing function is a random function. As mentioned earlier we attempt to calculate the mean square value of the response instead of the time history of response. Moreover in our case we have a finite spatial extent excited by a spatially distributed random pressure. We use the acceptance integral method formulated by Powell (1958 Substituting from the above equations and from Parseval theorem we get the following expression:
Here the "H" terms are the transfer functions and the terms are the mode shape functions.
If the random pressure due to turbulence is completely uncorrelated between any two points then the structure will not vibrate. The only way a random pressure can excite a structure is if there is nonzero correlation in the forcing function at different points. The cross-correlation in the forcing function at different points on the structure is given by
The fourier transform of the correlation function is
we have the autocorrelation function. The Fourier transform of the autocorrelation is just the PSD.
With all these definitions, we rewrite the equation for can be defined as the probability that the structure originally vibrating in the { q § ¦ mode will remain in the { q § ¦ mode under the excitation of the force. As we see later, lesser the probability, lower the magnitude of vibrations. Essentially, it can be said that the acceptance integral has something to do with the matching of the spatial distribution of the forcing function and the mode shapes of the structure.
In (which are vectors, in general), and the power spectral density at ® respectively. The quantity¨in general can represent the surface of a 2-D structure or the length of a one-dimensional structure. We consider a 1-D structure in our case. The integration is over the entire structure exposed to the flow excitation. So for a 1-D structure´is a double integral. 
Coherence function and mean square response
The above function assumes that the flow is in the W With the coherence function expressed by the above-mentioned formulae, the acceptance integral can be calculated by brute force numerical double integration. For certain cases this integral was tabulated. In the following, we will use the tabulated form as given by Bull (1967) for rectangular panels. The data are tabulated in form of plots of the acceptance integral versus the combination of frequency, length of the panel and convective velocity At this point, we could evaluate the joint and the cross-acceptances by numerical double integration at different frequency intervals and proceed to calculate the mean square response. This will account for the cross-term and the off-resonance contributions to the response. However this approach is tedious. To make estimations of the turbulence induced vibration, we shall make the following simplifying assumptions
Assumptions Made
-The cross-acceptances are small compared to the joint acceptances or the transfer functions from one mode to other different modes are small compared with that from one mode to the same mode. This is true if damping is small and the normal modes are well separated.
-The forcing function is homogeneous and isotropic. That is not only power spectral density is independent of , but also the coherence function is dependent only on the separation distance or rather the axial separation distance between any two given points.
-The acceptance integral is a slowly varying function of frequency near the natural frequencies. The mean square response is given by integrating the response PSD over
. If the modal damping is small and the normal modes are well separated most of the contribution will come from resonance peaks centered around the natural peaks.
Using the above assumptions and solving further
$ m
Using contour integration and calculus of residues we can get the mean square response as :
This can be written as :
Empirical data used
In order to estimate quantitatively the turbulence-induced vibrations, certain empirical data need to be used. The acceptance integral depends on the boundary layer thickness, which in turn depends on the Reynolds number. The Reynolds number and boundary layer thickness relations are based on empirical data, which are described below. Depending on whether the flow has a cavitating source or not, the appropriate empirical equations for turbulence power spectral density need to be employed as well.
The displacement boundary layer thickness (Ï X Ð ) :
An estimate of the boundary layer thickness for the turbulent flow over a flat plate is In small pipes and narrow flow channels, the boundary layer fills up the entire cross-section of the flow channel:
is the hydraulic diameter.
¢ Ö
is the hydraulic radius.
In large pipes or flow channels, the boundary layer will eventually reach a final value given by (empirical):
The value of S depends on the Reynolds number as described below in the table. Using Navier-Stokes Momentum equations and boundary conditions at radius
Ù Ú ¥ Û
, an expression for the shear stress (varying with the radius) can be derived. We also assume that the flow is fully developed. Using this assumption, the shear stress is
where is the radius of the pipe,
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is the distance measured away from the pipe wall and
It can be shown that, just like laminar flow, the pressure at a fixed cross -section is a constant. It has also been demonstrated that it is very difficult to calculate the velocity profile of a turbulent flow. Hence we make use of experimental data and empirical results.
The power-law relations
An examination of measured velocity profiles has shown that the distribution of velocity in fully developed turbulent flow can be represented by an equation of the form :
is the velocity along the axis of the pipe and hence the mean velocity can be derived by
Consider the definition of friction factor
(where is the friction factor, not the frequency).
The friction velocity is defined by :
Comparing with the power law 
Ó

The convective velocity
Based on experimental data obtained from turbulent flows, the following empirical equation was derived by Chen and Wambsganss (1970) . This helps measure convective velocity as a function of frequency.
is the boundary layer thickness for boundary layer flow and V the velocity of flow. Bull (1967) suggested a slightly different equation:
which is used for our vibration calculations, to ensure continuity, because we also use Bull's empirical formulas to calculate the acceptance integrals. However both equations are more or less the same in most practical cases, when the convective velocity is about 0.6 of the flow velocity.
Turbulence random pressure power spectral density
The most important fluid mechanical parameter that characterizes the turbulent forcing function is the power spectral density. Figure. 1 reproduced from Chen (1985) , shows the normalized PSD as a function of non-dimensional circular frequency e t m É d¡ ¢ 3
. This set of data is for boundary layer type flow over flat plates or in straight flow channels.
While calculating the vibrations measured in the Excel spreadsheet (described further below), a curve fit was done to generate the following empirical equation
and is e t m É d¡ ¥ 3
. Here
É d
is the displacement boundary layer thickness as defined previously. For small pipes and narrow flow channels the displacement boundary layer thickness is the hydraulic radius itself. This curve fit has a coefficient of goodness of fit e ¢ ¦ $ 3 equal to 0.87. This proves that a linear fit is a good one. The coefficient of goodness of fit explains how much the variance of the independent variable depends on the dependent variable i.e. the variance of È î ï e 5 3
as explained by the variance of È î I ï e 4 3 . As pointed out by Chen (1985) , the data in Figure. 1 is unreliable in the low-frequency region marked effective range. Chen suggested the following empirical formulation for the low-frequency PSD:
For industry flows, there is a different set of observations. Industrial piping systems very often contain elbows and 90-degree turns and may have valves installed in them. Cavitation may occur downstream of these elbows and valves. The turbulent PSD is generally much higher for such cases as shown by Au-Yang (1995) in Figure. 2 and by Au-Yang and Jordan (1980) in Figure. 3. In the 1995 test, light cavitation was observed while in the 1980 test there was no noticeable cavitation. Based on these two sets of data the following two different sets of empirical formulations for industrial flows were suggested:
or the values as calculated from A, whichever is larger, where i s the absolute value of the distance from the cavitating source such as an elbow or a valve. The case "A" describes industrial flow without cavitation and the case "B" -industrial flow with cavitation.
In the Excel software (described further below) the equations "A" are used for the industrial flow without cavitation and the curve fit is used for non-industrial flow.
Other parameters
Other parameters needed for calculations include the mode shape function and the damping factor.
Let's assume that the pipe is simply supported with the given number of supports. For example, in the case when supports are at ¥ ( È , the first mode shape function is W ¥ g È A e h È Í 3
the maximum displacement being g È . The damping factor is assumed to be 0.01 for all the cases considered below. This could be a conservative estimate. As the damping factor is increased, the amplitude of vibrations comes down. Specifically, the amplitude of vibrations is inversely proportional to the square root of the damping factor.
Joint acceptances
As mentioned above, the longitudinal joint acceptances can be calculated by numerical double integration or the tabulated charts can be used. Bull (1967) suggested certain empirical equations for the stream wise and cross -stream wise coherence functions, and by integrating them with mode shape functions of simply supported plate the joint acceptances for several first modes were tabulated and plotted (Au -Yang 2001 and refs. therein).
A curve fit ( Figure.4) , the following curve fit was used: From the equation
at the center at V= 1m/s. At V= 2m/s we get 1.3 Õ for nonindustrial flow. Note that the point where the measurements were taken was closer to the support, that could reduce the measured value. Also note that exact velocity of flow was not known and was estimated.
The measurements gave about 1 Õ , reasonably close to predicted, considered the number of simplifications and assumptions made. The resonant frequency (step in the integrated spectrum) seem to be about 1.5 times higher than predicted. Õ at 2 m/s which is somewhat more close to the measured value. Among the uncertainties in this case were the assumption that the tube was rigidly supported at the ends, while in practice these supports were soft. However the above parameters are for one cooling pipe only. We have four coolant pipes around the structure. So the total vibration from all four pipes is twice the vibration contributed from an individual pipe. The following graph, Figure. 11, is the plot of the vibrations versus velocity (Obtained from the spreadsheet software, Figure. 12) The screenshot, Figure. 12 above is of the Excel spreadsheet that calculates the vibrations for water flow in the coolant pipes. The vibrations are calculated as a function of velocities. The other parameters that aid in calculating vibrations are also calculated. The displacement is proportional to velocity raised to 2.5836. The vibrations should be multiplied by a factor of two to get the net displacement (as discussed previously). Moreover the coefficient of goodness (R$ As we can see above the Young's modulus is very high, the number of supports changed to 2, so that the resonant frequency is matched with what is observed. In this case, we have the following spreadsheet Figure. 14 with the calculated vibrations Figure. 13. The methodology is essentially the same as 3a, the only change being matching resonant frequencies with the observed frequency. 6 Using The Excel-Visual Basic Software User-friendly Excel-Visual Basic software was written. The inputs include the parameters shown in the window. The outputs include the natural frequency of the pipe, critical velocity (the velocity at which the pipe buckles) and the vibrations for different velocities output on the screen. An excel macro was written to run the software from Excel, Figure. 15. The software underlying the GUI (Graphic User Interface) was written in Visual Basic. The three experiments performed were discussed previously. The software takes in default values for these experiments. Otherwise the experiment specific values can also be used as inputs. The software generates a graph of velocity versus vibration as well. 
Conclusion
Vibrations induced by cooling flow have been considered in application to NLC. It was shown that semi-analytical methods allow estimating the amplitudes of turbulence induced vibrations. Predicted values agree with measurements within an order of magnitude or better. Difference may be caused by factors that are not taken into account. For example, for cavitating regime it is essential to know the distance to the cavitating source. Turbulence in the supplying pipes should also be taken into account since it can increase pressure fluctuations in the considered pipe. Therefore, though theoretical predictions can be used for rough estimations and investigations of dependencies on parameters, measurements are essential.
